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Abstract
We devise a new approach for the study of the issue of singularities and black
holes based on a new mass function on a phase space of the conformal space-
time, and on the almost time-independent character of the intrinsic geometry
of the Event Horizon. The mass function is an extra local energy density that
encodes the rate at which time comes to a ”stop” (hardly visible) or it mea-
sures how quickly the Event horizon forms. A singularity is then understood as
a mass-singularity. A clear distinction is made between an event horizon and a
black hole event horizon thanks to wave fronts. The Penrose’s Conjecture accord-
ing to these new definitions is solved as a Minimization Problem via a Lagrangian
formulation under an Iso-perimetric constraint provided some conditions on the
extrinsic curvature of the space-time are satisfied. The positive mass theorem
is obtained thereof. An energy condition is highlighted according to which the
existence of a black hole’s region can be obtained. The Weak Cosmic Censorship
Conjecture acquires a new characterization by encoding the naked-character of
the singularity by the non-emptiness of the closure of the apparent horizon in
the ”unphysical” space-time. Known examples of exact solutions of the Einstein
equations are evaluated.
Keywords Mass function, Event horizon, Actual Event horizon, Apparent
horizon, Black hole’s event horizon, Black hole, White hole, Cauchy horizon,
Penrose’s Conjecture, Naked singularities, Cosmic Censorship Conjectures, Min-
imization problem–Isoperimetric constraint.
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1 Introduction
One fundamental avenue of Mathematical general relativity is the study of the
issue of singularities and black holes, a corner stone prediction of the Einstein’s
theory of general relativity [11],[17],[42],[51],[71]. The analysis of the formation
of singularities [11]-[15],[17],[42],[69], their nature and their stability substanti-
ate the basis of such study. Many efforts have been made in these directions,
a comprehensive survey of progress in these areas might not be easy to do here
as one can appreciate by the number of references addressing the subject in
the bibliography. However, many facets of the theory of general relativity re-
mains questionable. As instance, if the global nonlinear stability of Minkowski
spacetime is proved satisfactorily [4],[18],[45],[53],[54],[80], the question of sta-
bility of the Kerr black holes or black holes in general still very much open
[27],[36],[49],[69],[70],[71],[82]. Importantly, some open questions related to the
issue of singularities and black holes are: - the question of existence or definition
of horizons [13],[25],[56], [65],[66],[79],[72],[91] - their nature and stability–the fate
of the Cauchy horizons - the deterministic character of the theory of general rela-
tivity [2],[3],[10]-[16],[22]-[37],[82]. These problems harbor two conjectures known
as weak and strong cosmic censorship conjectures formulated by Roger Penrose
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[66]. These conjectures have received many formulations, have been to date at
the core of many other scientific works in the field of general relativity and still
power many research perspectives including, the question of definition of a gen-
eral appropriate quasi-local mass in general relativity [20],[21],[85]-[90],[92], the
positivity of the total mass or the question of establishment of a positive lower
bound for the total energy or mass of isolated systems in general resumed as
Penrose’s conjecture. The Penroses’s Conjecture asserts that the total mass of
a spacetime including Black holes of area A is at least
√
A
16pi . It dates to 1973
[65]. This beautiful lower bound inequality has been the source of many in-
teresting research proposals in recent years leading to some important results
such as: the proof of the positive mass theorem, the proof of the Riemannian
Penrose-Inequality, and more recently the proof of the Null Penrose Conjecture
[1],[5]-[9],[40],[47],[48], [55],[57],[60],[74]-[76],[78],[73],[90]. There are other ques-
tions raised by quantum gravity which make the satisfaction not yet within the
reach for scientists of general relativity, this includes in particular the definition
of a horizon and its existence, and the hypothetical phenomenon of ”Firewall”.
Contentious part between physicists remains thus important.
Efforts made in the comprehension of the general theory of relativity and its im-
plication, and progress obtained for the issues mentioned above rest basically on
the followings:
– mastery of the tools of differential geometry and in particular the study of Rie-
mannian and Lorentzian structures [11],[17],[19],[42],[51],
[71], [81],
– study of exact solutions of the Einstein equations (Minkowski, Schwarzschild,
Kerr, Reissner-Norstro¨m,... ) notably their stability [4],[18],[45],[53],[54],[80],
[27],[36],[49],[70],[71],[82],
– systematic construction of spacetimes by solving Cauchy problems and the
analysis of properties of the obtained solutions (initial data constraints problem,
evolution problem, existence theorems for differential equations, asymptotic prop-
erties,...) [11],[15],[38],[42],[50],[51],[62], [63],[72],
– the analysis of waves on fixed backgrounds (asymptotic properties, bounded-
ness,...) [2],[3],[10]-[16],[22]-[39],[41]-[44], [46],[48]-[52],[58]-[61],[82]-[84],
and even numerical relativity.
Concerning methods of studying asymptotic questions in general relativity, many
authors accord in the conformal treatment of infinity as conceived by Penrose
[64],[68], and this substantiates also our present analysis.
This research paper is a contribution to some of the issues above. For this purpose,
we adopt a trivial mass function which encodes at every point the perceptible vari-
ation of time, defined on the phase space of the conformal manifold (with corners).
The Event horizon H is then defined as a hypersurface of zero-mass meaning that
time is ”stopped” (hardly visible), that is the intrinsic geometry of the Event
horizon is required to be time independent, whereas the geometry outside may
be dynamical and may admit gravitational or other radiations. Using the wave
fronts sets, the Event horizon can be scended in an open subset H+ designed
as the actual event horizon and a subset H− which we refer to as the Apparent
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horizon. These new approaches justify a possible cohabitation of the (possible
stationary) causal future ofH+ (i.e. the Black hole’s region) and the causal future
of H− named the White hole likely to be instable. It appears also that any mass
(concentration ) singularity is ”preceded” by an event horizon (which may coin-
cide with the black hole’s event horizon) giving an approach to the formulation of
the Weak Cosmic Censorship Conjecture. We emphasize that the scheme on con-
cerned here does not include singularities as incompleteness of causal’s geodesics
since such incompleteness induces trivial counterexamples of Weak Cosmic Cen-
sorship Conjecture. We therefore assume that sufficient conditions (boundedness
related to: the lapse and its covariant derivative, the mean extrinsic curvature of
the regularly sliced spacetime with respect to the induced metric on each slice)
which assure future causal geodesics’s completeness are satisfied, such conditions
are explicit in [11] [Theorem 2.1 P. 404]. The main results of the paper include:
the proof of a Penrose’s type inequality, this is achieved according to the new
mass function, the related quantities and sets adopted here, by formulating this
latter as a Minimization problem under an Isoperimetric constraint involving the
area of the Black hole’s event horizon[81],- and the characterization of conditions
(energy condition, location of wave fronts) under which black hole’s region and
naked singularities occur. The different steps of the paper comprise:
- the preliminaries related to the Cauchy problem for the Einstein equations in
temporal gauge in the characteristic setting, these offer the means of exhibiting
a pseudo-conformal factor for a partial compactification of spacetime,
- the compactification of spacetime using appropriate conformal factor,
- the definitions of geometric quantities and sets as mentioned above,
- the description and resolution of the Penrose’s Conjecture as a minimization
problem with an associated Isoperimetric constraint, using a foliation of the com-
pactified spacetime by the deformations of a the Black hole’s event horizon, this
yields a proof of a Penrose’s type inequality and the proof of the positive mass
theorem,
- the characterization of the existence of black hole’s region in the present frame-
work together with an approach for the existence of naked singularities,
- the review (partially) of the geometry of some known exact solutions of the
Einstein equations (Schwarzschild metric, Reissner-Norstro¨m metric, Kerr metric
[11],[42], Mark D. Roberts metric [72], this is an exact solution of the Einstein-
scalar equations, known as a counterexample to many formulations of the Cosmic
Censorship hypothesis),
- the conclusion and outlook.
2 Preliminaries
The Einstein’s theory of general relativity postulates a spacetime (M, g) which
must satisfy the Einstein’s equations (in units where c = G = 1)
Ric(g)− 1
2
Rscal g = 8piT, (2.1)
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where Ric(g) designs the Ricci curvature tensor of g, Rscal the corresponding
scalar curvature, and T the stress energy-momentum tensor of matter. A sys-
tematic way to construct such a spacetime without any symmetry assumption
is by solving a Cauchy problem for the Einstein equations where initial data
are prescribed on an appropriate initial hypersurface [11],[42],[51],[71]. The Ein-
stein’s equations– geometric in nature, however read as a set of ill-posed com-
plicated system of partial differential equations (PDEs) in arbitrary coordinates
[11],[42],[51],[71]. It is usual to add to this set of equations a system of equa-
tions involving the coordinates and resumed as a gauge. One known gauge is
Harmonic gauge or wave gauge with its generalization the generalized wave map
gauge pioneeered by P. T. Chrus`ciel et al. (see [21] and references in). Other
known gauges are the Double null foliation gauge [51], the Temporal gauge [11].
The gauge has the role of splitting the Einstein’s equations to an evolution sys-
tem and the sets of equations known as the constraint’s equations. Two types
of problems then arise which are the initial data constraints’s problem and the
problem of evolution of the initial data. The first consists to study how to effec-
tively prescribe the initial data satisfying the constraints on the initial manifold
for the evolution system obtained according to the gauge, so that its solution
yields the solution of the full system of Einstein’s equations. The initial mani-
fold may be a spacelike hypersurface (spacelike Cauchy problem) or one or more
null hypersurfaces (characteristic Cauchy problem). In the case of a spacelike
Cauchy problem, the set of constraints are standard and elliptic [11] whereas in
the case of characteristic hypersurfaces, they include standard constraints and
other gauge-dependent constraints (see [21],[38],[62],[63] and references in). In
the characteristic Cauchy problem setting, the constraints are a set of propaga-
tions equations along null geodesics generating the initial hypersurfaces, so that
the main difficulties in the resolution of the initial data constraint’s problem in
this setting reside rather in the null geometric description and construction of
such constraints (”see” [21],[38],[62],[63] and references in). In recent work, we
addressed this problem in the case of temporal gauge (gx0 = 0, g0i = 0), when
the matter contents is Vlasov-scalar field [38], resulting in a local in time space-
time solution of the Einstein-Vlasov-scalar field equations. If (xα) is a system of
coordinates of Rn+1, the temporal gauge condition for the metric in such system
is that the metric has the form
g = −τ2(dx0)2 + gijdxidxj , τ = c(xi)
√
|g|, (2.2)
where the function (xi)→ c(xi) is an arbitrary scalar density on the slices x0 = t,
g = (gij) is the induced Riemannian metric on x
0 = t, t ∈ R [11]. The evolution
system attached to the Einstein’s equations in temporal gauge reads [11]
Ωij ≡ ∂0(Rij − Λij)−∇i(R0j − Λ0j)−∇j(Ri0 − Λi0) = 0, (2.3)
where Λµν = Tµν +
Tλλ
1−ngµν . For c > 0, and for fixed g, T , the system Ωij = 0 is
a quasi-diagonal system of wave equations for the extrinsic curvature K = (Kij)
of the hypersurface x0 = t [11]. Together with the system
∂0gij = −2τKij , (2.4)
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they form a hyperbolic Leray system for g and K provided T is fixed, otherwise it
is coupled with an appropriate system of equations describing the matter contents
of the involved system. In [38], by solving the initial data constraints problem
related to such system, it appeared that the scalar density c is of specific form
c(xi) = 1|γ| ; is obtained actually by a null geometric description and resolution of
the constraints, and does not depend on the matter contents but only on a part of
the free initial gravitational data. As our attention is focused here on the causal
features of the expected global spacetime, this latter serves as a pseudo-conformal
factor for a partial ”bordification” of the spacetime.
3 Compactification of Spacetime
We assume independently of the matter contents that a global spacetime (V, g)
is established by solving the Einstein-field equations in temporal gauge, with g
of the following form in coordinates (xα):
g = −|g||γ|(dx
0)2 + gijdx
idxj . (3.1)
Let’s denote Ω2 := |γ|, then
Ω2g = −|g|(dx0)2 + Ω2gijdxidxj . (3.2)
We assume that Ω > 0 is a bounded quantity tending to 0 as r :=
√√√√ n∑
i=1
(xi)2
”goes” to +∞, since it represents some initial scalar density in the spacetime.
Furthermore, the gradient ∇Ω does not vanish and in particular we admits that∣∣ ∂Ω
∂x1
∣∣ > 0. We proceed to a rescaling of the spacetime defining Φ:
Φ : V → V̂1
x = (xα) 7→ z := xΩ =
(
xα
Ω
)
:= (zα).
(3.3)
One has the following expressions for i, s = 1, ..., n:
∂z0
∂x0
=
1
Ω
,
∂zs
∂x0
= 0,
∂z0
∂xi
= −z
0
Ω
∂Ω
∂xi
,
∂zs
∂xi
=
δsi
Ω
− z
s
Ω
∂Ω
∂xi
. (3.4)
These expressions induce that the jacobian of Φ is ∆ given by:
∆ = Ω3(1−
n∑
i=1
zi
∂Ω
∂xi
) = Ω3(1 + trM) ≡ Ω3∆∗, M =
(
−zs ∂Ω
∂xi
)
. (3.5)
Correspondingly, the inverse of the Jacobian matrix implies:
∂x0
∂z0
= Ω,
∂xs
∂z0
= 0,
∂x0
∂zi
=
z0
Ω3∆∗
∂Ω
∂xi
,
∂xs
∂zi
=
δsi∆
∗ + zs ∂Ω
∂xi
Ω3∆∗
=
((1 + trM)In −M)si
Ω3∆∗
, i, s = 1, ..., n. (3.6)
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Remark 3.1 The set of points of the spacetime defined by ∆∗ = 0 if not empty
corresponds to coordinates-singularities.
The final compactification of the spacetime is achieved by the following:
Φ̂ : V → V̂ =]0; 1]×]0; Ωmax]× (]− pi2 ; +pi2 [)n−1
x = (xα) 7→ ω :=
(
e−
x0
Ω ,Ω, arctan(x
a
Ω )
)
:= (ωα).
(3.7)
Remark 3.2 The hypersurface of equation ω0 = 0 is the future timelike infinity
whereas the hypersurface ω1 = 0 represents future null infinity.
3.1 Expression of the conformal metric in coordinates
(ωα)
The change of coordinates from V to a manifold with corners V̂ induces:
dx0 = −ω1(dω0
ω0
+ lnω0 dω
1
ω1
), dxa = xa dω
1
ω1
+ ω1(1 + (za)2)dωa,
dx1 = ω
1
∂ω1
∂x1
[
(∆∗ + z1 ∂ω
1
∂x1
)dω
1
ω1
−∑a ∂ω1∂xa (1 + (za)2)dωa] . (3.8)
The corresponding dual expressions of these relations are:
∂
∂x0
= − 1
ω1
(ω0 ∂
∂ω0
),
∂
∂xi
= ω
0
ω1
∂ω1
∂xi
(ω0 ∂
∂ω0
) +
n∑
a=2
∂za
∂xi
1 + (za)2
∂
∂ωa
+ ∂ω1∂xi
ω1
+
n∑
s=1
∂ω1
∂xs
∑
a
(
δsa∆
∗ + zs ∂ω
1
∂xa
)
∂za
∂xi
(ω1)3∆∗
 (ω1 ∂
∂ω1
);
(3.9)
with
∂zs
∂xa
=
δsa
ω1
− z
s
ω1
∂ω1
∂xa
. (3.10)
Dual variables are denoted ξα in coordinates (x
α) and ηα in the system of coor-
dinates (ωα), that is a covector ξ is written:
ξ ≡ ξαdxα = η0dω
0
ω0
+ η1
dω1
ω1
+ ηadω
a.
One establishes that:
η0 = −ω1ξ0, η1 = ξ0x0
[
ξ1(
∆∗+z1 ∂ω
1
∂x1
∂ω1
∂x1
) + ξaz
a
]
ω1,
ηa =
[
− ξ1ω1
∂ω1
∂x1
∂ω1
∂xa + ω
1ξa
]
(1 + (za)2),
(3.11)
and one therefore:
∂
∂ξ0
= −ω1 ∂∂η0 + η0 ∂∂η1 , ∂∂ξc = ω1zc ∂∂η1 + ω1(1 + (zc)2) ∂∂ηc ,
∂
∂ξ1
= ω1
∆∗+z1 ∂ω
1
∂1
∂ω1
∂x1
∂
∂η1
− ω1
∂ω1
∂x1
∂ω1
∂xa (1 + (z
a)2).
(3.12)
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The conformal metric Ω2g has the following form in coordinates (ωα):
Ω2g = −|g|(ω1)2
(
dω0
ω0
)2
− |g|(ω1)2 lnω0
(
dω0
ω0
dω1
ω1
+
dω1
ω1
dω0
ω0
)
+(
−|g|(ω1 lnω0)2 + ((ω)1)4(∂ω1
∂x1
)−2(∆∗ + z1 ∂ω
1
∂x1
)2+
2(ω1)3(∂ω
1
∂x1
)−1g1axa(∆∗ + z1
∂ω1
∂x1
) + (ω1)2gabx
axb
)(
dω1
ω1
)2
+

−g11(ω1)4(∂ω
1
∂x1
)−2(∆∗ + z1 ∂ω
1
∂x1
)
∑
a
∂ω1
∂xa (1 + (z
a)2)
(ω1)4(∂ω
1
∂x1
)−1g1a(∆∗ + z1
∂ω1
∂x1
)(1 + (za)2)−
(ω1)3(∂ω
1
∂x1
)−1g1bxb
∂ω1
∂xa (1 + (z
a)2) + (ω1)3gcax
c(1 + (za)2)
×
(
dω1
ω1
dωa + dωa
dω1
ω1
)+ (ω1)4(∂ω
1
∂x1
)−2g11
∂ω1
∂xa
∂ω1
∂xb
(1 + (za)2)(1 + (zb)2)
−(ω1)4(∂ω1
∂x1
)−1g1a(1 + (za)2)(1 + (zb)2)
∂ω1
∂xb
+
(ω1)4gab(1 + (z
a)2)(1 + (zb)2)
 dωadωb. (3.13)
Remark 3.3 If Ω = 1r , then ∆
∗ = 2, and if Ω = 1
r2
, then ∆∗ = 3. For
κ, ϑ ∈ R, κ, ϑ > 0, Ω = ϑe−κr, ∆∗ = 1 + κr. If Ω = a
b+cr2
then ∆∗ = b+3cr
2
b+cr2
,
and should be regard in terms of the signs of a, b and c.
The expression (3.13) of the conformal metric in coordinates (ωα) together with
dual expressions established above are very useful in studying asymptotic ques-
tions, notably the analysis of the structure of the null-geodesics flow, that is the
flow of the Hamilton function within the characteristic set[43]. We concentrate
first of all on the Penrose’s conjecture assuming that the considered system col-
lapses to a black hole. For this purpose some definitions are necessary.
4 Mass function, Event horizon–Actual event
horizon–Apparent event horizon, Black hole–
Black hole event horizon, White hole–Cauchy
horizon
The dual of the conformal metric (ω1)2g = −|g|(dx0)2 + (ω1)2gijdxidxj reads in
coordinates
(
∂
∂xα
)
as:
G ≡ ((ω1)2g)−1 = − 1|g|
(
∂
∂x0
)2
+ (ω1)−2gij
∂
∂xi
∂
∂xj
. (4.1)
In coordinates (ωα), components of tensors are decorated with a tilde ”˜”, one
has in particular:
G˜00 =
(ω0)2
(ω1)2
(
− 1|g| +
(lnω0)2
(ω1)2
gij
∂ω1
∂xi
∂ω1
∂xj
)
. (4.2)
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On the hypersurface ω0 = 1, one has G˜00 = − 1
(ω1)2|g| |ω0=1 < 0, and the covariant
vector dω
0
ω0
is timelike near ω0 = 1. Near the hypersurface ω0 = 0 the behavior
of G˜00 is given by the one of (lnω0)2 provided that the determinant |g| does not
tend to 0 as ω0 → 0 and 1
(ω1)4
gij ∂ω
1
∂xi
∂ω1
∂xj
does not tend to 0 for ω0 → 0. As a
consequence dω
0
ω0
is spacelike near ω0 = 0 under such assumptions. On the other
hand G˜11 = (ω1)−2gij ∂ω
1
∂xi
∂ω1
∂xj
and since ∇Ω 6= (0) one has G˜11 > 0 and then dω1
ω1
is spacelike for ω1 6= 0. According to what precedes and assuming continuity, it
appears that under the assumptions
0 < c1 < lim
ω0→0
|g| < +∞, lim
ω0→0
(ω1)−4gij
∂ω1
∂xi
∂ω1
∂xj
6= 0, (4.3)
there exits a hypersurface beyond which dω
0
ω0
ceases to be timelike. It seems
that time ceases to exist on such hypersurface. As indicated by the theory of
Relativity due to Sir Albert Einstein, the speed of light is the same everywhere
whether one is under the influence of very high or low gravity. So it is reasonable
that something decreases as one approaches the speed of light, and it is the time.
The same situation is valid for a Black hole since light can not escape from it so
the time nearby it is hardly visible and felt. It is difficult to notice the change
in the Blackhole’s surroundings. We then resume that the manifold with corners
V̂ is split in two (exterior and interior) regions as dω
0
ω0
moves from the interior
of the dual characteristic cone to its exterior. We therefore adopt the following
definitions.
Definition 4.1 A system of coordinates (ωα) of the manifold with corners (V̂ , h)
is called gravitational collapse-adapted if one of the coordinates ωα, say ω0, sat-
isfies:
- the vector field ∂
∂ω0
is timelike at least beyond some hypersurface (or asymptot-
ically timelike, i.e. in the neighborhood of the final state ω0 = 0),
- the dual vector dω0 passes from the timelike character in some exterior region
to the spacelike character in the neighborhood of the final state.
To motivate more our present understanding of the event horizon, let’s recall that
the local energy density in a spacetime is defined as µ = 18piE
00, where E is the
Einstein tensor. In a spacetime solution of the Einstein’s equations with matter,
this local energy equals T 00. T is the stress energy-momentum tensor of matter.
One can then write:
R00 − 8piT 00 = 1
2
Rg00.
It appears that the sign of R00 − 8piT 00 is the one of Rg00. If one assumes that
the scalar curvature of the spacetime is positive, then the sign of R00 − 8piT 00 is
determined by g00. This suggests that in gravitational collapse-adapted coordi-
nates, the set of points g00 ≥ 0 corresponds to some interior region dominated
by tidal forces whereas the region g00 < 0 is an exterior region where tidal forces
are negligible with respect to the energy-momentum of matter. Indeed, at an
expected singularity say i:
lim
i
g00 = +∞⇒ lim
i
R00 − 8piT 00
R
= +∞.
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The smooth hypersurface g00 = 0 defines consequently some event horizon which
may comprise a part of the black hole event horizon and eventually a part of an
apparent horizon.
Definition 4.2 The mass function at a point (ωα) in the manifold with corners
(V̂ , h ≡ (ω1)2g) is the quantity m(ω0, ω1, ..., ωn) ≡ G˜(dω0
ω0
, dω
0
ω0
)(ω0, ω1, ..., ωn).
We remark that this definition of the mass is valid up to the boundary of the
considered manifold since dω
0
ω0
is non-singular (and non-trivial) as a b-covector
at ω0 = 0, and the same holds for dω
1
ω1
at ω1 = 0. b− refers to manifold with
boundary. This mass-function measures some extra local energy density since it
exists even in vacuum. At every point (ωα) it encodes the rate at which the dual
vector dω0 passes from the interior of the dual characteristic cone at (ωα) to its
exterior.
Notation 4.1 In the rest of the paper we adopt the notation d$ = dω2...dωn.
Definition 4.3 The (squared) mass of a region D in the the manifold with cor-
ners (V̂ , h) is the quantity∫
Dm(ω
0, ω1, ..., ωn)dω0dω1d$. This quantity may be negative meaning that its
squared root is a complex number.
Definition 4.4 The (squared) total mass of the spacetime is the quantity∫
V̂
m(ω0, ω1, ..., ωn)dω0dω1d$.
Definition 4.5 The Event horizon in the spacetime (V, g) is the hypersurface H
of points (ωα) in the manifold with boundary (V̂ , h) which satisfy the equation
m(ω0, ω1, ..., ωn) = 0. (4.4)
With respect to the event horizon we consider the following:
Definition 4.6 The interior region in the spacetime (V, g) denoted Int(V ) is:
Int(V ) = {ω ∈ V̂ /m(ω0, ω1, ..., ωn) ≥ 0}. (4.5)
Definition 4.7 The exterior region in the spacetime (V, g) denoted Ext(V ) is:
Ext(V ) = {ω ∈ V̂ /m(ω0, ω1, ..., ωn) < 0}. (4.6)
Remark 4.1 The wave fronts WF for a system of partial differential equations
are submanifolds {f = cste} of the spacetime where the scalar function f is solu-
tion of the eikonal equation [[11], P.270]. In this setting (i.e. Temporal gauge), the
characteristic determinant w.r.t. the coordinates (xα) is the hyperbolic polynomial
P (x, ζ) =
(
g00(ζ0)
2 + gijζiζj
)
ζ0,
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and the corresponding eikonal equation is
∂f
∂x0
Gαβ
∂f
∂xα
∂f
∂xβ
= 0.
Furthermore the change of coordinates (x→ ω) induces that
∂0 ' −ω0(ω1)3̂∂̂0,
correspondingly
P (ω, ζ) = G˜αβζαζβζ0.
Two types of wave fronts are then on concerned here:
- f = cste s.t. ∂f
∂ω0
= 0,
- f = cste s.t. G˜αβ ∂f∂ωα
∂f
∂ωβ
= 0.
We denote by WF (ω) the wave front at the point ω. WF (ω) is tangent to the
wave cone at ω along the direction of the bicharacteristic or ray.
Definition 4.8 The Apparent event horizon of the spacetime (V, g) is the surface
denoted H− and defined by:
H− = {ω ∈ H/ WF (ω) ∩ Ext(V ) 6= ∅}. (4.7)
Definition 4.9 The actual event horizon of the spacetime is the surface denoted
H+ and defined by:
H+ = {ω ∈ H/ WF (ω) ⊂ Int(V )}. (4.8)
It is obvious that H = H+ ∪H−.
Definition 4.10 The Black hole region of the spacetime denoted B is defined as:
B =
◦
{ω ∈ Int(V )/WF (ω) ⊂ Int(V )}. (4.9)
The symbol ◦ refers to interior.
Definition 4.11 The Black hole event horizon is the boundary of the Blackhole
region B. We denote it ∂B.
Definition 4.12 The White hole region of the spacetime denoted W is:
W = Int(V ) \B. (4.10)
Its boundary is denoted ∂W
Notation 4.2 The following region of the spacetime is denoted by z+:
z+ = H ∩ ∂B ∩ ∂W. (4.11)
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Proposition 4.1 1- The event horizon is the following disjoint union:
H = {ω = (ω0, ωi) ∈ H/ ∂m
∂ω0
(ω) < 0} ∪ {ω = (ω0, ωi) ∈ H/ ∂m
∂ω0
(ω) = 0}, (4.12)
furthermore,
H+ =
{
ω = (ω0, ωi) ∈ H/ ∂m
∂ω0
(ω) < 0
}
,
H− =
{
ω = (ω0, ωi) ∈ H/ ∂m
∂ω0
(ω) = 0
}
.
2- The subset H+ admits an equation of the form ω0 = X(ωi) where X(ωi) is not
constant.
Proof
1- Indeed, let s ∈ R and ω = (ω0, ωi) ∈ H:
- For s > 0, one has (s + ω0, ωi) ∈ Ext(V ) and according to the property of m,
it follows that m(s+ ω0, ωi) < 0 and then m(s+ω
0,ωi)
s < 0.
- For s < 0, (s+ω0, ωi) ∈ Int(V ) and therefore m(s+ω0, ωi) > 0, m(s+ω0,ωi)s < 0.
One thus has lim
s→0
m(s+ ω0, ωi)
s
≤ 0, that is ∂m
∂ω0
(ω) ≤ 0.
That H+ and H− are in the form announced above is then trivial since one can
show easily thanks to the wave front sets that the following subsets of H are
empty:
H+ =
{
ω = (ω0, ωi) ∈ H/ ∂m
∂ω0
(ω) < 0, WF (ω) ∩ Ext(V ) 6= ∅
}
= ∅,
H− =
{
ω = (ω0, ωi) ∈ H/ ∂m
∂ω0
(ω) = 0, WF (ω) ⊂ Int(V )
}
= ∅. (4.13)
Indeed, at each point ω ∈ H such that ∂m
∂ω0
< 0, wave fronts resume to the
intersection of the hyperplane ω0 = cste with H, the propagation speed at such
point (see Lemma 8.3 P. 272 in [11]) with respect to the coordinates-frame ∂∂ων
is 0 according to G˜00 = 0. On the other hand the set {m = 0, ∂m
∂ω0
} = 0 is a wave
front meeting the exterior region Ext(V ).)
2- In H+, one has m(ω0, ωi) = 0, ∂m
∂ω0
(ω0, ωi) < 0. By the implicit function
theorem, there exists a function X ≡ X(ωi) defined for appropriate ωi such that
ω0 = X(ωi), m(X(ωi), ωi) = 0.
We realize that X(ωi) as a constant function would prevent the limit of m to be
+∞ as ω0 → 0.
Remark 4.2 It is reasonable to assume that any black hole event horizon admits
an equation of the form ω0 − X˜(ωi) = 0 since it must form a ”hoop”.
The condition for the event horizon H to be a wave front is that m satisfies the
eikonal equation, i.e. ∂m
∂ω0
G˜λδ ∂m
∂ωλ
∂m
∂ωδ
= 0. This equation reduces on H+ to[
∂m
∂ω0
]3(
−2
[
G˜0i
] ∂X(ωi)
∂ωi
+
[
G˜ij
] ∂X(ωi)
∂ωi
∂X(ωi)
∂ωj
)
= 0; (4.14)
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and since on H+ one has [ ∂m
∂ω0
] 6= 0, one obtains the equation to be satisfied by
the function X in order that H+ is a null hypersurface.
Proposition 4.2 -The event horizon H is not necessarily null. However, at
each point ω of the event horizon H, one has (n − 1)-dimensional wave fronts
{ω0 = cste, m = 0} and {ψ(ωi) = cste, m = 0},
- the apparent horizon H− has always a null character.
Proof
Obvious since the event horizon is of equation m ≡ G˜00
(ω0)2
= 0 and the eikonal
equations reads ∂f
∂ω0
G˜µν ∂f∂ωµ
∂f
∂ων = 0.
Definition 4.13 The future Cauchy horizon of the spacetime denoted CH is the
future Cauchy horizon of H, that is the future boundary of the future domain of
dependence D+(H) of the event horizon H:
CH = D+(H) \ I−(D+(H)), (4.15)
where I−(D+(H)) designs the chronological past of D+(H) relative to Int(V ).
 
𝑖+ 𝑖+ 
𝑖− 𝑖− 
 
𝑖0 𝑖0 
𝐼− 𝐼− 
𝐼+ 𝐼+ 
B 
 
Figure 1: Penrose diagram of a collapsing spacetime showing: an event horizon, limit
between the exterior region and the interior one where time is hardly visible and tidal
forces are so important, a black hole event horizon, and a region where light cones still
meets the exteriors inducing a possible escape from the interior region.
Theorem 4.1 1- In a neighborhood of the actual event horizon, the mass func-
tion m is strictly decreasing with respect to the time ω0.
2- The mass function m is strictly decreasing relatively to the time ω0 if and only
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if the extrinsic curvature of the spacetime satisfies the inequality√|g|ω1
|g|2 trK + 2
lnω0
(ω1)2
(
(ω1)2G(dω1, dω1)− lnω0
√
|g|ω1K(dω1, dω1)
)
< 0.
(4.16)
Proof
1- This is the consequence of one of the previous results where we obtain that
∂m
∂ω0
< 0 on H+.
2- The second part of the proposition rests on straightforward computations. We
recall for this purpose that m is given by:
m(ωα) =
1
(ω1)2
(
− 1|g| +
(lnω0)2
(ω1)2
gij
∂ω1
∂xi
∂ω1
∂xj
)
.
In order to compute the expression of ∂m
∂ω0
, we address the following useful ex-
pressions:
∂x0
∂ω0
= −ω
1
ω0
,
∂|g|
∂ω0
= −ω
1
ω0
∂|g|
∂x0
,
∂gij
∂ω0
= −ω
1
ω0
∂gij
∂x0
. (4.17)
Under the temporal gauge condition, one has
∂gij
∂x0
= −2
√
|g|
ω1
Kij ,
∂gij
∂x0
= 2
√
|g|
ω1
Kij ,
∂|g|
∂x0
=
1
2
gij
∂gij
∂x0
;
where K = (Kij) is the extrinsic curvature of the hypersurfaces x
0 = t. It follows
that:
∂|g|
∂ω0
=
√|g|ω1
ω0
trK,
∂gij
∂ω0
= −2
√|g|ω1
ω0
Kij . (4.18)
One then has:
∂m
∂ω0
=
1
(ω1)2
(√|g|ω1
|g|2 trK + 2
lnω0
(ω1)2
(
gij − lnω0
√
|g|ω1Kij
) ∂ω1
∂xi
∂ω1
∂xj
)
.
(4.19)
The conclusion is then obvious according to this expression 
Corollary 4.1 For the mass function to be strictly decreasing relatively to the
time ω0, it suffices that the extrinsic curvature K of the spacetime satisfies the
inequalities
trK < 0, K(dω1, dω1) ≥ 0. (4.20)
Proof
It is obvious according to the expression (4.19) of ∂m
∂ω0
above.
Proposition 4.3 The black hole B is stationary if and only if the vector field
∂
∂ω0
is a killing vector field in the future J+(H+) of the actual event horizon H+.
Proof
(⇐) If the vector field ∂
∂ω0
is a killing vector field in the future of H+, then it is a
timelike killing vector field in B. Indeed, one has h( ∂
∂ω0
, ∂
∂ω0
) = −( ∂x0
∂ω0
)2|g| < 0.
(⇒) If B is stationary, then the stationary metric in B is merely (by continuity)
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the restriction to H+ of the ambient metric which no longer depends on the
time function ω0 in H+ by application of the implicit function theorem since
∂m
∂ω0
(X(ωi), ωi)|H+ < 0. The vector field ∂∂ω0 is then obviously a killing vector
field in B.
5 The Penrose’s conjecture as a minimiza-
tion problem via a Lagrangian formulation
The concept of mass or quasi-local mass is very important in general relativity. In
[S.-T. Yau, Seminar on Differential Geometry (1982)], Penrose listed the search for
a definition of such quasi-local mass as his number one problem in classical general
relativity. Clearly, many important statements in general relativity require a good
definition of quasi-local mass. This latter might help to control the dynamics of
the gravitational field. It might also be used for energy methods for the analysis
of hyperbolic equations in spacetimes. The positivity of the total mass is a matter
of particular interest as soon as such a quantity is defined [1],[5]-[9],[40],[47],[48],
[55],[57],[60],[74]-[76],[78],[73],[90]. This latter would be obtained if a lower bound
inequality for the total mass as the well known conjectured Penrose’s inequality is
established. Let’s recall that a lower bound for the total mass of isolated systems
would also guarantee the stability of such systems. In this section, according
to the mass function adopted in this work, we want to formulate the Penrose’s
conjecture as a minimization problem. For this purpose we use a foliation of
the conformal spacetime by the deformations of the outermost black hole’s event
horizon as follow. First of all let’s remark that the actual event horizon H+
is defined by an equation of the form ω0 = X(ω1, ..., ωn), and has an obvious
parametrization
H : (ω1, ωa)→ (X(ω1, ..., ωn), ω1, ..., ωn).
The Black hole’s event horizon correspondingly is defined by the equation:
∂B : ω0 = X˜(ωi).
We design by Hs, s ∈ [−,+], a deformation of the Black hole’s event horizon
∂B such that H0 ≡ ∂B, adopted as follow:
H0 3 (ωα) 7→ (T˜ (s), ωi) ≡ ((T ◦ s(ωα), ω1, ..., ωn)) ∈ Hs.
We denote by Σs the hypersurface of equation x
0 = s in coordinates (xα), and by
Σ̂s the image Φ̂(Σs). Σ̂s is endowed with the Riemannian metric hs ≡ (ω1)2gs.
We construct the map ϕs by:
ϕs : (Σ̂s+, hs+)→ (Hs, ĥs)
qs+ = (s+ , x
i) ≡ (e− s+ω1 , ωi) 7→ (T ◦ s(qs+), ωj);
(5.1)
such that ϕs is a diffeomorphism and ĥs confers to ϕs an isometry character. It
follows that for two vector fields X,Y ∈ χ(Hs) one has:
ĥs(X,Y ) = hs+(ϕ
−1
s∗ X,ϕ
−1
s∗ Y ), (5.2)
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where ϕs∗ is the isomorphism of the Lie-algebra of vector fields between χ(Σ̂s+)
and χ(Hs). Correspondingly, if Ds+ denotes the Riemmannian connexion of
(Σ̂s+, hs+), then (Hs, ĥs) is equipped with the Riemmannian connexion D̂s de-
fined for X,Y ∈ χ(Hs) by:
D̂ YsX = ϕs∗
(
D
ϕ−1s∗ Y
s+ ϕ−1s∗ X
)
. (5.3)
Let denote H = ]0,Ωmax]× (]− pi2 , +pi2 [)n−1, one has for s ∈ [−,+]:
Hs = {(ω0, ωi) ∈ V̂ /ω0 = T˜ (s)(ωi), (ωi) ∈ H},
H0 = {(ω0, ωi) ∈ V̂ /ω0 = X˜(ωi), (ωi) ∈ H}.
(5.4)
The squared total mass M = M2 of the spacetime is written according to the
deformation of the Black hole’s event horizon as:
M =
∫ +
−
∫
H
m∗(T˜ (s)(ωi), ωi)
T˜ (s)
dT˜ (s)
ds
dω1
ω1
dω2...dωn ds, (5.5)
with m∗ = ω0ω1m. We remark that m∗ is integrable up to the boundary. On the
other hand a volume form ωs on Hs is
ωs = [Det(ĥs(V
s
i , V
s
j ))]
1
2
dω1
ω1
∧ dω2 ∧ ... ∧ dωn,
where
V s1 = ω
1 ∂
∂ω1
≡ ω1∂ω1 , V sa =
∂
∂ωa
≡ ∂ωa , a = 2, ..., n, s = 1, ..., n.
The area of Hs in the spacetime denoted A(Hs) is thus:
A(Hs) =
∫
H
[Det(ĥs(∂ωi , ∂ωj ))]
1
2dω1dω2...dωn. (5.6)
Now set T˜ (s) = T ◦ s(.), then T˜ (s) is a distribution on H — and define the
functionals J :
J(T˜ ) =
∫ +
−
∫
H
m∗(T˜ (s)(ωi), ωj)
T˜ (s)(ωi)
dT˜ (s)(ωi)
ds
dω1
ω1
dω2...dωn ds, (5.7)
which can then be rewritten as
J(T˜ ) =
∫ +
−
P (s, T˜ (s),
dT˜ (s)
ds
)ds; (5.8)
and I:
I(T˜ ) =
∫ +
−
∫
H
[Det(ĥs(∂ωi , ∂ωj ))]
1
2dω1dω2...dωn, (5.9)
that is:
I(T˜ ) =
∫ +
−
P0(s, T˜ (s),
dT˜ (s)
ds
)ds. (5.10)
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The Penrose Inequality as a minimization problem reads then:
(P )
 Find infT˜∈H1(]−;+[) J(T˜ ),I(T˜ ) = K ≡ 2A, A is the area of ∂(J+(H+)); (5.11)
where H1(] − ; +[) is the classical Sobolev space. As one can notice we have
given a Lagrangian formulation to the Penrose’s conjecture where the Lagrangian
is the function P (., T˜ (.), dT˜ (.)ds ).
5.1 Frechet derivative J ′(T˜ )
The function P (., ., .) is smooth and we find the Frechet-derivative of J . The
Isoperimetric constraint I(T˜ ) = K is combined with the boundary conditions
that induce the set of constraints (we search for distribution T˜ ∈ H1(]− ; +[))
C = {T˜ ∈ H1(]− ; +[), T˜ (+) ≡ 0, T˜ (−) ≡ Z˜}. (5.12)
Z˜ is such that the 0-set of ω0−Z˜ defines the initial hypersurface I0∪I1. Obviously
Z˜ is given by:
Z˜ : V̂ → R
(ω0, ωi) 7→ Z˜(ω0, ωi) = e− |Z(ω
i)|
ω1 , Z(ωi) ≡ Z(ω1, ..., ωn) = x1.
For u ∈ C, the set of admissible directions of u in the sense of Frechet denoted
K(u) is:
K(u) =: {w ∈ H1(]− ; +[)/ there exists a sequence (wn) ∈ H1(]− ; +[)
converging to w and a sequence (en), en > 0 such that u+ enwn ∈ C}.
(5.13)
If u + enwn ∈ C then one can deduce that wn(+) = 0, wn(−) = 0, and since
functions of H1(] − ; +[) are continuous at the boundary, and the application
trace is also continuous, one deduces that w(−) = 0, w(+) = 0. Conversely if
w(−) = 0, w(+) = 0, one constructs u+ 1nw which satisfies the constraints. It
follows that
K(u) = H10 (]− ; +[). (5.14)
For w ∈ H10 (]− ; +[),
(J ′(u), w) = lim
λ→0
J(u+ λw)− J(u)
λ
(5.15)
= lim
λ→0
1
λ
∫ +
−
{P (u+ λw, u′ + λw′)− P (u, u′)}ds. (5.16)
Since the application (T˜ , T˜ ′) 7→ P ((T˜ , T˜ ′)) is differentiable, one can write:
P (u+ λw, u′ + λw′) = P (u, u′) +DP (u, u′).λ(w,w′) + |λ|‖(w,w′)‖O(λ(w,w′)),
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where DP denotes the differential of P — this implies that
(J ′(u), w) =
∫ +
−
DP (u, u′).(w,w′)ds
=
∫ +
−
[
∂P
∂T˜
(u, u′)w +
∂P
∂T˜ ′
(u, u′)w′
]
ds
=
∫ +
−
[
∂P
∂T˜
(u, u′).w
]
ds+
∫ +
−
[
d
ds
(
∂P
∂T˜ ′
(u, u′).w
)
− d
ds
(
∂P
∂T˜ ′
(u, u′)
)
.w
]
ds
=
∫ +
−
[
∂P
∂T˜
(u, u′)− d
ds
(
∂P
∂T˜ ′
(u, u′)
)]
.w ds+
[
∂P
∂T˜ ′
(u, u′).w
]+
−
=
∫ +
−
[
∂P
∂T˜
(u, u′)− d
ds
(
∂P
∂T˜ ′
(u, u′)
)]
.w ds+
∂P
∂T˜ ′
(u(+), u′(+))δ+(w)− ∂P
∂T˜ ′
(u(−), u′(−))δ−(w);
one deduces that:
J ′(u) =
∂P
∂T˜
(u, u′)− d
ds
(
∂P
∂T˜ ′
(u, u′)
)
+
∂P
∂T˜ ′
(u(+), u′(+))δ+ − ∂P
∂T˜ ′
(u(−), u′(−))δ−. (5.17)
Let’s recall that:
P (T˜ ,
dT˜
ds
) =
∫
H
m∗(T˜ (s)(ωi), ωi)
T˜ (s)(ωi)
dT˜ (s)(ωi)
ds
dω1
ω1
dω2...dωn,
P0(T˜ ,
dT˜
ds
) =
∫
H
[Det(ĥs(∂ωi , ∂ωj ))]
1
2dω1dω2...dωn;
therefore
∂P
∂T˜
=
∫
H
T˜ (s)(ωi)∂m
∗
∂ω0
(T˜ (s)(ωi))−m∗(T˜ (s)(ωi), ωi)
T˜ 2(s)(ωi)
dT˜ (s)
ds
(ωi)
dω1
ω1
dω2...dωn,
(5.18)
∂P
∂T˜ ′
=
∫
H
m∗(T˜ (s)(ωi), ωj)
T˜ (s)(ωi)
dω1
ω1
dω2...dωn, (5.19)
d
ds
(
∂P
∂T˜ ′
)
=
∫
H
d
ds
(
m∗(T˜ (s)(ωi), ωi)
T˜ (s)(ωi)
)
dω1
ω1
dω2...dωn
=
∫
H
T˜ (s)(ωi)∂m
∗
∂ω0
(T˜ (s)(ωi), ωi)−m∗(T˜ (s)(ωi), ωi)
T˜ 2(s)(ωi)
dT˜ (s)
ds
dω1
ω1
dω2...dωn.
(5.20)
It appears that P satisfies the Euler’s equation
∂P
∂T˜
− d
ds
(
∂P
∂T˜ ′
)
= 0, ∀T˜ . (5.21)
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5.2 Euler-Lagrange’s condition for R ≡ P + λP0
The Euler-Lagrange’s equation for R = P + λP0 reads:
∂P
∂T˜
− d
ds
(
∂P
∂T˜ ′
)
+ λ
[
∂P0
∂T˜
− d
ds
(
∂P0
∂T˜ ′
)]
+
∂P
∂T˜ ′
(T˜ (+), T˜ ′(+))δ+ − ∂P
∂T˜ ′
(T˜ (−), T˜ ′(−))δ−+
λ
∂P0
∂T˜ ′
(u(+), u′(+))δ+ − λ∂P0
∂T˜ ′
(u(−), u′(−))δ− = 0. (5.22)
Considering that ∂P0
∂T˜ ′
= 0, and since P satisfies the equation ∂P
∂T˜
− dds
(
∂P
∂T˜ ′
)
=
0, ∀T˜ , this latter equation reduces then to:
λ
∂P0
∂T˜
(T˜ (s), T˜ ′(s)) +
∂P
∂T˜ ′
(T˜ (+), T˜ ′(+))δ+ − ∂P
∂T˜ ′
(T˜ (−), T˜ ′(−))δ− = 0.
(5.23)
Now, we want to determine λ.
One has:
P0(T˜ , T˜
′) =
∫
H
(ω1)n(|gs+|)
1
2 (T˜ (s)(ωi), ωi)dω1...dωn; (5.24)
it follows that
∂P0
∂T˜
=
∫
H
(ω1)n
(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)dω1...dωn. (5.25)
Taking s = 0, in the equation of λ above (5.23), one has:
λ
∫
H
(ω1)n
(
∂
ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn =
− ∂P
∂T˜ ′
(T˜ (+), T˜ ′(+))δ+ +
∂P
∂T˜ ′
(T˜ (−), T˜ ′(−))δ−, (5.26)
and correspondingly
λ =
− ∂P
∂T˜ ′
(T˜ (+), T˜ ′(+))δ+ + ∂P
∂T˜ ′
(T˜ (−), T˜ ′(−))δ−∫
H(ω
1)n
(
∂
ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn
, (5.27)
provided that the term in the denominator does not vanish somewhere. It follows
from this value of λ substituted in the equation (5.23) and combining with the
relation (5.25) that∫
H
(ω1)n
(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)dω1...dωn
is constant along the deformations of H0 ≡ ∂B, i.e.∫
H
(ω1)n
(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)dω1...dωn =
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∫
H
(ω1)n
(
∂
ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn, ∀s. (5.28)
Taking the derivative of this equation with respect to s one has:∫
H
(ω1)n
d
ds
[(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)
]
dω1...dωn = 0, ∀s. (5.29)
Computation of dds
[(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)
]
For the reason of simplicity in the notations, the partial derivative ∂
∂ω0
will some-
times be denoted ∂ω0 . One has:
d
ds
[(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)
]
=
lim
h→0
∂ω0
√|gs+h+|(T˜ (s+ h)(ωi), ωi)− ∂ω0√|gs+|(T˜ (s)(ωi), ωi)
h
.
Using the differentiability of the application s→ T˜ (s)(ωi), i.e.
T˜ (s+ h)(ωi) = T˜ (s)(ωi) + T˜ ′(s)(ωi)h+ hO(h),
and according to the differentiability of ∂ω0
√|gs+h+|, —–
∂ω0
√
|gs+h+|
(
T˜ (s)(ωi) + T˜ ′(s)(ωi)h+ hO(h), ωi
)
=
∂ω0
√
|gs+h+|(T˜ (s)(ωi), ωi)+
∂2(ω0)2
√
|gs+h+|(T˜ (s)(ωi), ωi)× (T˜ ′(s)(ωi)h+ hO(h)) + h2O(h2),
one has
d
ds
[(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)
]
=
lim
h→0
∂ω0
√|gs+h+|(T˜ (s)(ωi), ωi)− ∂ω0√|gs+|(T˜ (s)(ωi), ωi)
h
+
lim
h→0
∂2(ω0)2
√
|gs+h+|(T˜ (s)(ωi), ωi)× (T˜ ′(s)(ωi) +O(h)). (5.30)
Now it is important to recall that gt(x
s) = gij(t, x
s) = gij(t, x
s). One thus has:
lim
h→0
∂ω0
√|gs+h+|(T˜ (s)(ωi), ωi)− ∂ω0√|gs+|(T˜ (s)(ωi), ωi)
h
= lim
h→0
∂ω0
(√|gs+h+| −√|gs+|) (T˜ (s)(ωi), ωi)
h
= lim
h→0
∂ω0
(√|g|(s+ h+ , .)−√|g|(s+ , .)) (T˜ (s)(ωi), ωi)
h
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= ∂2(ω0)2
√
|gs+|(T˜ (s)(ωi), ωi).
d
ds
[(
∂
ω0
(|gs+|)
1
2
)
(T˜ (s)(ωi), ωi)
]
=
∂2(ω0)2
√
|gs+|(T˜ (s)(ωi), ωi) + ∂2(ω0)2
√
|gs+|(T˜ (s)(ωi), ωi)T˜ ′(s)(ωi). (5.31)
Equation (5.29) above then reads:∫
H
∂2(ω0)2
√
|gs+|(T˜ (s)(ωi), ωi)(1 + T˜ ′(s))dω1...dωn = 0. (5.32)
We consider the Cauchy problem{
T˜ ′(s)(ωi) + 1 = 0
T˜ (0) = X˜(ωi),
(5.33)
and the solution is
T˜∗ = −s+ X˜, s ∈ [−; +]. (5.34)
For this solution one has successively:
0 < −s+ X˜(ωi) ≤ e− |Z(ω
i)|
ω1 ,
X˜(ωi)− e− |Z(ω
i)|
ω1 ≤ s < X˜(ωi),
X˜(ωi)− 1 ≤ X˜(ωi)− e− |Z(ω
i)|
ω1 ≤ s < X˜(ωi);
and since 0 < X˜(ωi) < 1, it follows that:
−1 < X˜(ωi)− 1 ≤ X˜(ωi)− e− |Z(ω
i)|
ω1 ≤ s < X˜(ωi) < 1.
Consequently  = 1 and s ∈]− 1; +1[. Let denote s−, s+ the following functions:
s− : H → R
(ωi) 7→ s−(ωi) = X˜(ωi)− e−
|Z(ωi)|
ω1
s+ : H → R
(ωi) 7→ s+(ωi) = X˜(ωi).
One has always s ∈ [s−; s+[⊂]− 1; +1[. In order to guarantee that all the hyper-
surfaces Hs meet at the (n− 1)- surface denoted j+, i.e.:
j+ := Hs ∩ {ω0 = 0}, ∀ s; (5.35)
this corresponds to the (n− 1)- surface of equations
ω0 = 0, X˜(ωi) = 0; (5.36)
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s should be such that lim
ω0→0
s(ω0, ωi) = s+(ω
i) and correspondingly s|j+ = 0.
All that precedes induces that
−
∫
H
m∗(−s+ X˜(ωi), ωi)
−s+ X˜(ωi)
dω1
ω1
dω2...dωn+
− ∂P
∂T˜ ′
(T˜ (+), T˜ ′(+))δ+ + ∂P
∂T˜ ′
(T˜ (−), T˜ ′(−))δ−∫
H(ω
1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn
×
∫
H
(ω1)n
(
(|gs+|)
1
2
)
(−s+ X˜(ωi), ωi)dω1...dωn (5.37)
is the unique solution of the Euler-Lagrange’s equation under the constraint∫
H
√
|g|(X˜(ωi), ωi)dω1...dωn = A. (5.38)
5.3 Second derivative J”(T˜ )V˜
In order to characterize the minimality condition we are now studying
J ′(T˜ + σV˜ , w)− J ′(T˜ , w)
σ
.
Let’s recall that:
J ′(T˜ ) =
∂P
∂T˜
(T˜ , T˜ ′)− d
ds
(
∂P
∂T˜ ′
(T˜ , T˜ ′)
)
︸ ︷︷ ︸
=0
+
∂P
∂T˜ ′
(T˜ (+), T˜ ′(+))δ+ − ∂P
∂T˜ ′
(T˜ (−), T˜ ′(−))δ−.
(5.39)
We denote by S the application
S : (T˜ , T˜ ′)→ ∂P
∂T˜ ′
=
∫
H
m∗(T˜ )
T˜
dω1
ω1
dω2...ωn, (5.40)
which is independent of T˜ ′ and is differentiable for every (T˜ , T˜ ′).
J ′(T˜ + σV˜ , w) =〈∫
H
m∗(T˜ (+) + σV˜ (+))
T˜ (+) + σV˜ (+)
dω1
ω1
dω2...dωnδ+, w
〉
−
〈∫
H
m∗(T˜ (−) + σV˜ (−))
T˜ (−) + σV˜ (−)
dω1
ω1
dω2...dωnδ−, w
〉
.
One has ∂S
∂T˜ ′
≡ 0 and:
∂S
∂T˜
=
∫
H
∂m∗
∂ω0
(T˜ )× T˜ −m∗(T˜ )
T˜ 2
dω1
ω1
...dωn,
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and
DS(T˜ , T˜ ′)(U,W ) =
∂S
∂T˜
.U + 0.W ≡ ∂S
∂T˜
.U.
One can then write:〈
S
(
(T˜ (+) + σV˜ (+), T˜ ′(+) + σV˜ ′(+))
)
δ+, w
〉
=
〈{
S(T˜ (), T˜ ′()) + σDS(T˜ (), T˜ ′())(V˜ (), V˜ ′())
}
δ+, w
〉
+ 〈σO(σ), w〉 ,
The same holds substituting + by −. One then deduces that:〈
J ′(T˜ + σV˜ ), w
〉
−
〈
J ′(T˜ ), w
〉
σ
=〈{
DS(T˜ (), T˜ ′())(V˜ (), V˜ ′())
}
δ+, w
〉
−〈{
DS(T˜ (−), T˜ ′(−))(V˜ (−), V˜ ′(−))
}
δ−, w
〉
+ 〈O(σ), w〉 ,
and 〈
J”(T˜ )V˜ , w
〉
=
〈{
∂S
∂T˜
(T˜ (+), T˜ ′(+)).V˜ (+)
}
δ+, w
〉
−
〈{
∂S
∂T˜
(T˜ (−), T˜ ′(−)).V˜ (−)
}
δ−, w
〉
;
using the expression of ∂S
∂T˜
above, one has finally:〈
J”(T˜ )V˜ , w
〉
=〈∫
H
∂m∗
∂ω0
(T˜ (+)).T˜ (+)−m∗(T˜ (+))
T˜ 2(+)
dω1
ω1
d$ V˜ (+)δ+, w
〉
−
〈∫
H
∂m∗
∂ω0
(T˜ (−)).T˜ (−)−m∗(T˜ (−))
T˜ 2(−)
dω1
ω1
d$ V˜ (−)δ−, w
〉
. (5.41)
5.4 On the conditions for which T˜∗ is a minimum
As a result of the expression of
〈
J”(T˜ )V˜ , w
〉
above, it follows that:〈
J”(T˜ )V˜ , V˜
〉
=
∫
H
∂m∗
∂ω0
(T˜ (+)).T˜ (+)−m∗(T˜ (+))
T˜ 2(+)
dω1
ω1
d$ (V˜ (+))2
−
∫
H
∂m∗
∂ω0
(T˜ (−)).T˜ (−)−m∗(T˜ (−))
T˜ 2(−)
dω1
ω1
d$ (V˜ (−))2.
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Since V˜ (+) in any case is required to satisfy V˜ (+) = 0, it follows that the
consistent term is〈
J”(T˜ )V˜ , V˜
〉
= −
∫
H
∂m∗
∂ω0
(T˜ (−)).T˜ (−)−m∗(T˜ (−))
T˜ 2(−)
dω1
ω1
d$ (V˜ (−))2.
(5.42)
Now one wants to know if 〈
J”(T˜∗)V˜ , V˜
〉
≥ 0,
independently of the value of V˜ (−). It appears therefore necessary to study the
term
A(T˜ (s), ωi) =
∂m∗
∂ω0
(T˜ (s)(ωi), ωi).T˜ (s)(ωi)−m∗(T˜ (s)(ωi), ωi);
since
〈
J”(T˜ )V˜ , V˜
〉
≥ 0 if
A(T˜ (−), ωi) ≤ 0. (5.43)
We proceed to an analysis of the function A(ω0, ωi) = ω0 ∂m
∗
∂ω0
(ω0, ωi)−m∗(ω0, ωi).
First of all, we insist that
ω0
∂m∗
∂ω0
−m∗ = ω1(ω0)2 ∂m
∂ω0
.
The sign of A(ω0, ωi) is then the one of ∂m
∂ω0
whose expression is given by the
relation (4.19) above. It results the following proposition.
Proposition 5.1 The function −A(ω0, ωi) = m∗ − ω0 ∂m∗
∂ω0
is non negative if the
extrinsic curvature K of the spacetime satisfies the inequalities
trK < 0, K(dω1, dω1) ≥ 0. (5.44)
Proof
The proof is an obvious consequence of the sign of −A(ωα) ≡ −ω1ω0 ∂m
∂ω0

This proposition induces that independently of the value of V˜ (−), one has〈
J”(T˜ )V˜ , V˜
〉
≥ 0 under the hypotheses .... In conclusion R(T˜∗) ≡ (P +λP0)(T∗)
where T˜∗(s)(ωi) = −s + X˜(ωi) realizes the desired minimum for J provided we
assume the hypotheses above (5.44). We therefore write
J(T˜ ) ≥ J(R(T˜∗)). (5.45)
This inequality reads:
J(T˜ ) ≥ −
∫ +
−
∫
H
m∗(−s+ X˜(ωi), ωi)
−s+ X˜(ωi)
dω1
ω1
dω2...dωn ds+
∫ +
−
− ∂P
∂T˜ ′
(T˜∗(+), T˜ ′∗(+))δ+ +
∂P
∂T˜ ′
(T˜∗(−), T˜ ′∗(−))δ−∫
H(ω
1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn
×
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∫
H
(ω1)n
(
(|gs+|)
1
2
)
(−s+ X˜(ωi), ωi)dω1...dωn ds. (5.46)
Now, we are interested in the positivity or the existence of a lower bound for
J(R(T˜∗)). One states the following trivial proposition.
Proposition 5.2 Let be given a smooth real function ϕ of a real variable defined
on ]− , +] such that:
- ϕ is integrable in a neighborhood of − though lim
s→−ϕ(s) = +∞,
- ϕ() < 0. Then
∫ +
− ϕ(s)ds is positive.
Proof By a convenient definition of the limit of ϕ at − 
The first term of the right hand side of the above inequality (5.46), i.e.:
−
∫ +
−
∫
H
m∗(−s+ X˜(ωi), ωi)
−s+ X˜(ωi)
dω1
ω1
dω2...dωn ds, (5.47)
can be written in the form∫
H
(∫ +
−
ϕ(s)ds
)
dω1
ω1
d$, ϕ(s) = −m
∗(−s+ X˜(ωi), ωi)
−s+ X˜(ωi) .
We emphasize that ϕ satisfies the hypotheses of the previous proposition 5.2 and
hence the term in consideration (5.47) is positive.
For the second term∫ +
−
− ∂P
∂T˜ ′
(T˜∗(+), T˜ ′∗(+))δ+ +
∂P
∂T˜ ′
(T˜∗(−), T˜ ′∗(−))δ−∫
H(ω
1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn
×
∫
H
(ω1)n
(
(|gs+|)
1
2
)
(−s+ X˜(ωi), ωi)dω1...dωn ds, (5.48)
we first recall from the relation (5.40) that
∂P
∂T˜ ′
(T˜ , T˜ ′)(s) =
∫
H
m∗(T˜ (s)(ωi), ωi)
T˜ (s)(ωi)
dω1
ω1
dω2...dωn.
The second term (5.48) on concerned here is therefore equal to
− ∫H m∗(−+X˜(ωi),ωi)−+X˜(ωi) dω1ω1 d$∫
H(ω
1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1d$
×
∫
H
(ω1)n
(
(|g2|)
1
2
)
(−+ X˜(ωi), ωi)dω1d$
+
∫
H
m∗(+X˜(ωi),ωi)
+X˜(ωi)
dω1
ω1
d$∫
H(ω
1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1d$
×
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∫
H
(ω1)n
(
(|g0|)
1
2
)
(+ X˜(ωi), ωi)dω1d$. (5.49)
On the other hand, the term∫
H
(ω1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1...dωn
is negative under the condition trK < 0, due to the relation ∂|g|
∂ω0
=
√
|g|ω1
ω0
trK.
Since m∗ satisfies
−m∗(−+ X˜(ωi), ωi) < 0, m∗(+ X˜(ωi), ωi) < 0,
it follows that the second term (5.49) is also positive. Now, one knows from the
isoperimetric constraint that:∫
H
(ω1)n
(
(|g0|)
1
2
)
(+ X˜(ωi), ωi)dω1d$ = A =
∫
H
(ω1)n
(
(|g2|)
1
2
)
(−+ X˜(ωi), ωi)dω1d$. (5.50)
One deduces that the second term (5.49) is positive and equals
− ∫H m∗(−+X˜(ωi),ωi)−+X˜(ωi) dω1ω1 d$ + ∫H m∗(+X˜(ωi),ωi)+X˜(ωi) dω1ω1 d$∫
H(ω
1)n
(
∂
∂ω0
(|g|)
1
2
)
(X˜(ωi), ωi)dω1d$
×A, (5.51)
and finally reads
− ∫H m∗(−+X˜(ωi),ωi)−+X˜(ωi) dω1ω1 d$ + ∫H m∗(+X˜(ωi),ωi)+X˜(ωi) dω1ω1 d$∫
H
(ω1)n+
1
2
X˜(ωi)
trK(X˜(ωi), ωi)dω1d$
×A. (5.52)
In conclusion one has:
J(T˜ ) ≥ −
∫ +
−
∫
H
m∗(−s+ X˜(ωi), ωi)
−s+ X˜(ωi)
dω1
ω1
d$ ds+
− ∫H m∗(−+X˜(ωi),ωi)−+X˜(ωi) dω1ω1 d$ + ∫H m∗(+X˜(ωi),ωi)+X˜(ωi) dω1ω1 d$∫
H
(ω1)n+
1
2
X˜(ωi)
trK(X˜(ωi), ωi)dω1d$
×A. (5.53)
It results that:
M2 >
∫
H
m∗(+X˜(ωi),ωi)
+X˜(ωi)
dω1
ω1
d$ − ∫H m∗(−+X˜(ωi),ωi)−+X˜(ωi) dω1ω1 d$∫
H(ω
1)n+
1
2
trK(X˜(ωi),ωi)
X˜(ωi)
dω1d$
×A.
All that precedes results to the proof of a type of the celebrated Penrose’s con-
jecture (inequality) under some hypotheses on the extrinsic curvature of the con-
sidered spacetime and thereof the positive mass theorem is obtained.
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Theorem 5.1 Let (V, g, (xα)) be a spacetime solution of the Einstein field equa-
tions with initial data prescribed on two null intersecting smooth hypersurfaces
representing past null infinity I− of equation x0 − |x1| = 0, and collapsing to a
black hole, where g is of the form:
g = − |g||Θ|(dx
0)2 + gijdx
idxj , g = (gij), (5.54)
Θ ≡ (Θab(xi)), a, b = 2, ..., n is a part of the gravitational free initial data, with
non-vanishing divergence and the C∞ functions Θab make up a symmetric positive
definite matrix with determinant |Θ| converging to 0 at infinity. Assume that the
lapse |g||Θ| is bounded (with a positive lower bound), and that
lim
ω0→0
gij ∂ω
1
∂xi
∂ω1
∂xj
(ω1)4
6= 0, (5.55)
where ω1 =
√|Θ|, ω0 = e− x0ω1 . Suppose further that the extrinsic curvature K of
the spacetime (V, g) satisfies the inequalities
trK < 0, K(dω1, dω1) ≥ 0. (5.56)
Then the total mass M corresponding to the mass function m = G(dω
0
ω0
, dω
0
ω0
)
where G is the inverse of h ≡ (ω1)2g) satisfies:
M2 >
∫
H m(+ X˜(ω
i), ωi)dω
1
ω1
d$ − ∫H m(−+ X˜(ωi), ωi)dω1ω1 d$∫
H(ω
1)n+
1
2
trK(X˜(ωi),ωi)
X˜(ωi)
dω1d$
×A; (5.57)
where A is the area of the black hole event horizon whose equation is ω0 = X˜(ωi),
H =]0,∆]×]− pi2 ; +pi2 [n−1,∆ = maxω1, ωa = arctan(x
a
ω1
), d$ = dω2...dωn.
Corollary 5.1 For an appropriate ”optimal” control on the upper bound ∆ for
the initial scalar density
√|Θ| (and eventually on the function X˜ defining the
black hole’s event horizon), the total mass M satisfies the inequality
M2 ≥ A
16pi
. (5.58)
6 Black hole’s region, Weak Cosmic Censor-
ship Conjecture
The analysis here rests on the mass function m, but the relations between the
mass function singularity with blow up of scalar invariants such as curvature
invariants (R2, RµνR
µν– the Kretschmann scalar RαβγδR
αβγδ or the norm of
any timelike killing vector field) remain to be clarified. However the new insights
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about the event horizon raised here according to this mass function seem plausible
and are likely to confirm that the existence of a mass singularity is equivalent to
the existence of an event horizon. It appears also that some ambiguities on the
issue of singularities and black holes might be lifted out just by this definition of
the mass. One has the following simple characterization of a Black hole’s region.
Definition 6.1 Any spacetime (V, g) admitting an extension (V̂ , h) equipped with
a gravitational collapse-adapted system of coordinates (ωα) such that:
- lim
ω→0
m(ω0, ..., ωn) = +∞, ( m = G(dω0
ω0
, dω
0
ω0
)(ω) where G is the inverse of
h = (ω1)2g ),
- H+ = {ω/m(ω) = 0/WF (ω) ⊂ Int(V )} 6= ∅,
exhibits a non-empty region B =
◦
{ω ∈ Int(V )/WF (ω) ⊂ Int(V )} which is a black
hole’s region. ( Int(V ) = {ω/m(ω) ≥ 0}, WF (ω) is the wave front at ω).
Theorem 6.1 1- Any mass singularity ω0 = 0 in a spacetime (V, g) (admit-
ting an extension (V̂ , h) equipped with a system of coordinates (ωα)) inferred by
lim
ω→0
m(ω0, ..., ωn) = +∞ (where m = G(dω0
ω0
, dω
0
ω0
)(ω) and G is the inverse of
h = (ω1)2g) is behind an event horizon.
2- Any black hole’s singularity ω0 = 0 in a spacetime (V, g) (admitting an exten-
sion (V̂ , h) equipped with a system of coordinates (ωα)) s.t. lim
ω→0
m(ω0, ..., ωn) =
+∞ (where m = G(dω0
ω0
, dω
0
ω0
)(ω) and G is the inverse of h = (ω1)2g) is hidden
behind a black hole’s event horizon.
Proof
1- Obvious thanks to the analysis above. The event horizon is merely m ≡ 0.
2- Indeed, the black hole’s event horizon is the past boundary of the black hole’s
region which might be merely m ≡ 0.
Definition 6.2 A singularity ω0 = 0 inferred by lim
ω0→0
m(ω0, ..., ωn) = +∞ in
a collapsing spacetime (V, g) admitting an extension (V̂ , h = (ω1)2g) and such
that the closure in (V̂ , h) of the apparent horizon is non-empty is called naked
singularity.
Theorem 6.2 One assumes that the extrinsic curvature of the spacetime (V, g)
satisfies
trK < 0, K(dω1, dω1) ≥ 0. (6.1)
Then any curve s → (ωα(s, ωβ0 )) of tangent vector Z from a point of (ωβ0 ) in◦
J+(H) interior of J+(H) (causal future of H) ”stays” in
◦
J+(H) if and only if
ω00 − X˜(ωi0) +
∫ s
0
∇Xm
∂m
∂ω0
(X˜(ωi(τ)), ωi(τ))dτ < 0, ∀s > 0;
where X0 = Z0, Xi = −Zi, ∇Xm ≡ X(m).
Proof
The hypotheses (6.1) induce that ∂m
∂ω0
< 0 as established before, and hence
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X˜(ωi) ≡ X(ωi). From the equation m(X˜(ωi), ωi) = 0 for every ωi, one ob-
tains by derivation with respect to a parameter s of a C1 curve s→ (ωα(s)) that
d
ds
(
m(X˜(ωi(s)), ωi(s))
)
= 0, i.e.
∂m
∂ω0
(X˜(ωi(s)), ωi(s))
dX˜(ωi(s))
ds
+
∂m
∂ωi
(X˜(ωi(s)), ωi(s))
dωi
ds
= 0.
Using the system dω
α(s)
ds = Z
α, it follows that:
d
ds
(ω0 − X˜(ωi)(s)) = Z0 − Z
i ∂m
∂ωi
(X˜(ωi(s)), ωi(s))
∂m
∂ω0
(X˜(ωi(s)), ωi(s))
.
One thus has the integral system
ω0 − X˜(ωi)(s) = ω00 − X˜(ωi0) +
∫ s
0
∇Xm
∂m
∂ω0
(X˜(ωi(τ)), ωi(τ))dτ,
where X0 = Z0, Xi = −Zi.
Corollary 6.1 One assumes that the extrinsic curvature of the spacetime (V, g)
satisfies
trK < 0, K(dω1, dω1) ≥ 0. (6.2)
Then any curve of tangent vector Z from a point of
◦
J+(H) such that
∇Xm ≡ (2Z0∇0 −∇Z)m ≥ 0
”stays” in
◦
J+(H), where X0 = Z0, Xi = −Zi.
Proof
Since one has ∂m
∂ω0
< 0 thanks to the hypotheses ... and that ω00 − X˜(ωi0) < 0, it
follows that ω0 − X˜(ωi) < 0 if ∇Xm ≥ 0.
Theorem 6.3 Any spacetime (V, g) such that its extrinsic curvature satisfies
trK < 0, K(dω1, dω1) ≥ 0, (6.3)
and the energy condition
∇Xm ≡ (2Z0∇0 −∇Z)m ≥ 0
for any causal geodesic’s tangent vector Z, where X0 = Z0, Xi = −Zi collapses
to a black hole.
Proof
The proof is a consequence of the results above.
Remark 6.1 From the analysis here, one expects that some ambiguities in the
analysis of the causal future of spacetimes might be solved:
- the event horizon in the spacetime when it exits is not always identical to black
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hole’s horizon,
- the event horizon can coincide with the black hole’s event horizon, this corre-
sponds here to the conditions ∂m
∂ω0
< 0, ∇Xm ≥ 0 as described above,
- that the event horizon is not identical to the black hole’s horizon expresses the
existence of the apparent horizon,
- the apparent horizon is always a null surface,
- the event horizon can be equal to apparent horizon, this is the case where at
each point of the event horizon one has ∂m
∂ω0
= 0,
- the presence of the apparent horizon is an indication that the singularity is naked
and one can even distinguish naked and totally naked singularity,
- the presence of the apparent horizon indicates probable instability, probable high
energy quanta due to possible outgoing radiations from the white hole colliding
infalling matters (i.e. firewall),
- the evidence of the wave fronts {ω0 = cste, m = 0} with zero-speed propaga-
tion with respect to the gravitational collapse-adapted coordinates might justify
the (almost ”stationary” or always assumed null) character of the event horizon.
7 The Schwarzschid metric, the Reissner -
Norstro¨m metric, the Mark D. Roberts met-
ric, the Kerr metric
In this section we evaluate the above new characterization of spacetime features
in some known spacetimes.
7.1 Schwarzschild-exterior spacetime
The Schwarzschild solution is an asymptotically flat solution of the Einstein equa-
tions which models the spherically symmetric vacuum spacetime outside a spher-
ically symmetric massive body. The metric can be given in the form
ds2 = −(1− 2M
r
)dt2 + (1− 2M
r
)−1dr2 + r2(dθ2 + sin2 θdφ2).
The Schwarzschild spacetime is static, i.e. ∂∂t is a killing vectorfield which is
a gradient and is spherically symmetric, i.e. is invariant under the group of
isometries SO(3) operating on the spacelike two-spheres {t, r = constant}. The
coordinate r here is intrinsically defined requiring that 4pir2 is the area of theses
surfaces of transitivity. The Schwarzschild exterior spacetime corresponds to
r > 2M .
Linear perturbations and asymptotic properties of fields are of great interest in
Schwarzschild background (see [36] and references in) and their study provide
some insights for the asymptotic of waves in this geometry. Here, we extend the
Schwarzschild exterior according to the characterization above. New coordinates
(ω0, ω1, θ, φ) are considered where
ω0 = e−
t
ω1 , ω1 = − arctan ln(1− 2M
r
). (7.1)
30
It follows that ω0 ∈]0, 1], ω1 ∈]0, pi2 [,
dω0 = −ω
0
ω1
dt− ω
0 lnω0
ω1
dω1.
The Schwarzschild exterior metric in coordinates (ωα) reads:
gSch = −e− tanω1
(
ω1
ω0
)2
(dω0)2 − 2e− tanω1 ω
1 lnω0
ω0
dω0dω1
+e− tanω
1
[
−(lnω0)2 + 4M
2(1 + tan2 ω1)
(1− e− tanω1)2
]
(dω1)2+
4M2
(1− e− tanω1)2 (dθ
2 + sin2 θdφ2). (7.2)
Correspondingly G(dω0, dω0) is given by:
G(dω0, dω0) = −
(
ω0
ω1
)2
(1− e− tanω1)4
4M2(1 + tan2 ω1)2
e2 tanω
1
G(
∂
∂ω1
,
∂
∂ω1
),
and the mass function m reads then:
m(ωα) =
(
etanω
1
ω1
)2
(1− e− tanω1)4
4M2(1 + tan2 ω1)2
(
(lnω0)2 − 4M
2(1 + tan2 ω1)
(1− e− tanω1)2
)
. (7.3)
The event horizon H in this setting is of equation:
lnω0 +
2M
√
1 + tan2 ω1
1− e− tanω1 = 0.
Furthermore, one has:
∂m
∂ω0
=
(
etanω
1
ω1
)2
(1− e− tanω1)4
2M2(1 + tan2 ω1)2
lnω0
ω0
.
This expression equals zero for ω0 = 1 and also one has
lim
ω1=0
∂m
∂ω0
= 0.
On the other hand one has:
lim
ω0→0, ω1 6=0
m = +∞, lim
ω1→0
m = +∞.
The black hole’s region is the region
lnω0 +
2M
√
1 + tan2 ω1
1− e− tanω1 > 0.
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The corresponding stationary metric approaching the Schwarzschild metric on
the horizon (eventually in the black hole region) is obtained by substituting ω0
by
exp−
(
2M
√
1 + tan2 ω1
1− e− tanω1
)
in the expression of the Schwarzschild metric above. One then has:
gSch.station. = −(ω1)2e
− tanω1+ 4M
√
1+tan2 ω1
1−e− tanω1 (dω0)2+
2ω1
2M
√
1 + tan2 ω1
1− e− tanω1 e
− tanω1+ 2M
√
1+tan2 ω1
1−e− tanω1 dω0dω1+
4M2
(1− e− tanω1)2 (dθ
2 + sin2 θdφ2). (7.4)
Near the singularity {ω0 = 0} or future null infinity {ω1 = 0}, one has that
(1− e− tanω1)2gSch.station. ' 4M2(dθ2 + sin2 θdφ2). (7.5)
Another important remark is that the singularity ω0 = 0 can be considered as a
naked singularity. Indeed, in the considered manifold with corners, the closure of
the apparent horizon is the set {m = 0, ∂m
∂ω0
= 0} which results in the non-empty
set
O = {(0, 0, θ, φ)}.
This latter is located at the boundary, is the intersection of the event horizon
with the future boundary.
Proposition 7.1 The Schwarzschild black hole admits passageways
O = {(0, 0, θ, φ)} = H− and then stands as a naked singularity.
7.2 The Superextremal Reissner-Norstro¨m spacetime
The Reissner-Norstro¨m solution models a spacetime outside a spherically sym-
metric charged body of electric charge Q (but with no spin or magnetic dipole).
It is the unique spherically symmetric asymptotically flat solution of the Einstein
Maxwell equations. In Schwarzschild-like coordinates, the metric reads
ds2 = −F (r)dt2 + dr
2
F (r)
+ r2(dθ2 + sin2 θdφ2), (7.6)
with
F (r) = 1− 2M
r
+
Q2
r2
.
The terms M,Q are respectively the Blackhole mass and charge. The Superex-
tremal Reissner-Norstro¨m solution corresponds to the case M < |Q|. In this case
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Figure 2: Penrose diagram of an extension of the Schwarzschild exterior highlighting
the black hole region with a possible escape passageway at the future boundary.
F (r) > 0 and t is a time function. We proceed to a compactification of this
spacetime using new coordinates
ω0 = e−
t
ω1 , ω1 = h(r),
such that h(r), ∂h∂r have constant signs, and h is a bounded continuous function
satisfying lim
r→+∞h(r) = 0. It follows that:
dr =
dω1
h′(h−1(ω1))
, dt = −ω
1
ω0
dω0 − lnω0dω1.
In new coordinates (ω0, ω1, θ, φ) the metric reads:
ds2 = −
(
ω1
ω0
)2
F (h−1(ω1))(dω0)2+
(
− (F (h−1(ω1))× h′(h−1(ω1))× lnω0)2 + 1
F (h−1(ω1))(h′(h−1(ω1)))2
)
(dω1)2−
2F (h−1(ω1))
ω1 lnω0
ω0
dω0dω1 + (h−1(ω1))2(dθ2 + sin2 θdφ2). (7.7)
The mass function m(ωα) is given by:
m(ωα) =
−
(
∂ω0
∂t
)2
+
(
∂ω0
∂r
)2
(F (h−1(ω1)))2
F (h−1(ω1))
,
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and reads finally:
m(ωα) =
1
(ω1)2
(−1 + (lnω0)2(h′(h−1(ω1)))2(F (h−1(ω1)))2)
F (h−1(ω1))
. (7.8)
According to the method above, the Superextremal Reissner-Norstro¨m spacetime
admits an event horizon H whose equation is
−1 + (lnω0)2(h′(h−1(ω1)))2(F (h−1(ω1)))2 = 0,
and is equivalent to:
ω0 = exp
(
− 1|h′(h−1(ω1))|F (h−1(ω1))
)
. (7.9)
Furthermore, one has
lim
ω0→0, ω1 6=0
m(ωα) = +∞, (7.10)
which indicates a singularity at {ω0 = 0, ω1 6= 0}. On the other hand, ω0 tends
to 0 as ω1 tends to 0. It then appears that one also has:
lim
ω1→0
m(ωα) = +∞ (7.11)
The singularity is simply {ω0 = 0}. Now, we proceed to a test of the naked-
character of the singularity.
One has
∂m
∂ω0
=
2
(ω1)2ω0
(h′(h−1(ω1)))2(F (h−1(ω1)))2lnω0.
It follows after analysis that the set {m = 0, ∂m
∂ω0
= 0} results in an empty set.
The apparent horizon is thus empty, and the singularity here is not a naked
singularity.
Proposition 7.2 The Superextremal Reissner-Norstro¨m spacetime admits an Event
horizon and the corresponding singularity is not naked. The event horizon is the
black hole’s event horizon.
7.3 The Subextremal Reissner-Norstro¨m spacetime
The Subextremal Reissner-Norstro¨m spacetime corresponds to M > |Q|. In this
case the equation F (r) = 0 has two solutions r− and r+ given by
r− = M −
√
M2 −Q2, r+ = M +
√
M2 −Q2.
We proceed to an extension of the exterior (r > r+) of such spacetime defining
ω0, ω1 as above. As instance one can define ω1 by:
ω1 = h(r) = arctan exp(
1
F (r)
)− arctan e,
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Figure 3: Penrose diagram of an extension of the Super-extremal Reissner-Norstro¨m
spacetime highlighting the black hole region with no possibility of escape.
but the exact expression of h does not matter.
The event horizon is of equation
ω0 = exp
(
− 1|h′(h−1(ω1))|F (h−1(ω1))
)
.
The set {m = 0, ∂m
∂ω0
= 0} results in limit to O = {(0, h(r+), θ, φ)} as a non-
empty set H−. The singularity is then a naked singularity.
Proposition 7.3 The Subextremal Reissner-Norstro¨m spacetime admits an Event
horizon with passageways and the corresponding singularity is naked.
7.4 The extremal Reissner-Norstro¨m spacetime
The extremal Reissner-Norstro¨m spacetime corresponds to M = |Q|. One has
F (r) ≥ 0. The present spacetime is defined for r ∈]0, r∗[∪]r∗,+∞[ where r∗
satisfies F (r∗) = 0. In the same manner as above one constructs an extension of
the exterior (r > r∗) of this spacetime. The horizon is of equation
ω0 = exp−
(
1
|h′(h−1(ω1))|F (h−1(ω1))
)
.
One has also that the set {m = 0, ∂m
∂ω0
= 0} results in limit toO = {(0, h(r∗), θ, φ)}
as a non-empty set. The singularity is then a naked singularity.
Proposition 7.4 The extremal Reissner-Norstro¨m spacetime admits an Event
horizon with passageways and the corresponding singularity is naked.
35
  
 
𝑖+ 𝑖+ 
  
  
  
𝐼+ 𝐼+ 
 
Figure 4: Penrose diagram of an extension of the Sub-extremal Reissner-Norstro¨m
exterior spacetime highlighting the black hole region with a possibility of escape at the
future boundary.
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Figure 5: Penrose diagram of an extension of the extremal Reissner-Norstro¨m exterior
spacetime highlighting the black hole region with a possibility of escape at the future
boundary.
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7.5 The Mark D. Roberts spacetime
It is of interest to analyze the Mark D. Roberts solution [72] in the above angle
since this latter is considered as a counterexample to many formulations of the
(weak) Cosmic censorship conjecture in general relativity. It is an exact-massless
scalar spherical symmetric solution to the scalar Einstein equations Rµν = 2ψµψν .
The corresponding metric is
g = −(1 + 2σ)dv2 + 2dvdr + r(r − 2σv)(dθ2 + sin2 θdφ2),
where σ is a constant satisfying 1 + 2σ > 0, and ψ is given as ψ = 12 ln(1− 2σvr ),
r > 2σv, v ≥ 0. Its dual metric reads in coordinates (v, r, θ, φ)
G =
1
2
∂
∂v
∂
∂r
+ (1 + 2σ)
∂2
∂r2
+
1
r(r − 2σv)
(
∂2
∂θ2
+
1
sin2 θ
∂2
∂φ2
)
.
we define a new coordinate ϑ > 0 as:
ϑ = v − r
1 + 2σ
, (7.12)
which induces that in coordinates (ϑ, r, θ, φ):
g = −(1 + 2σ)(dϑ)2 + dr
2
1 + 2σ
+ r[r − 2σ(ϑ+ r
1 + 2σ
)]
(
dθ2 + sin2 θdφ2
)
.
In new coordinates (ω0, ω1, θ, φ) with ω0 = e−
ϑ
ω1 , ω1 = h(r), ω2 = θ, ω3 = φ,
one has
G˜00 =
(
∂ω0
∂ϑ
)2
Gϑϑ +
(
∂ω0
∂r
)2
Grr.
The mass function attached to the time dilation is
m(ωα) =
1
(ω1)2
(
− 1
1 + 2σ
+ (h′(r))2(1 + 2σ)(lnω0)2
)
.
It satisfies
m(0, ωi) = − 1
(ω1)2(1 + 2σ)
< 0, lim
ω0→0
m(ωα) = +∞, lim
ω1→0
m(ωα) = +∞.
The Event horizon is defined by ω0 = exp−
(
1
|h′(r)|(1+2σ)
)
.
On the other hand
∂m
∂ω0
=
2(1 + 2σ)
ω0(ω1)2
(h′(r))2 lnω0.
The closure of the apparent horizon results in an empty set as h′(r) is bounded
below.
Proposition 7.5 The black hole inferred by the Mark D. Roberts metric induces
a true singularity surrounded by a black hole’s event horizon.
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Figure 6: Penrose diagram of a conformal structure of the Mark D. Roberts spacetime
highlighting the black hole region with no possibility of escape.
7.6 The Kerr spacetime 0 < |a| < M
The Kerr solutions are known as exact solutions of the Einstein field equations
which could represent the stationary axisymmetric asymptotically flat field out-
side a rotating massive object. They appear to be the only possible exterior solu-
tions for black holes. In Boyer-Lindquist coordinates (t, r, θ, φ) the corresponding
metric reads
g = −∆− a
2 sin2 θ
Σ
dt2 − 2a sin
2 θ(r2 + a2 −∆)
Σ
dtdφ+
Σ
∆
dr2 + Σdθ2+
(r2 + a2)2 −∆a2 sin2 θ
Σ
sin2 θdφ2, (7.13)
with
0 < |a| < M, Σ = r2 + a2 cos2 θ, ∆ = r2 + a2 − 2Mr;
a and M are constants with M representing the mass and aM the angular
momentum as measured from infinity. For the exterior Kerr metric one has:
r > r+ = M + (M
2 − a2) 12 and {r > r+} is the domain of outer communications
whereas {r ≤ r+} is the Kerr Black hole’s region. The set {r = r+} is the Kerr
Black hole’s horizon. This spacetime admits an ergosphere {r = r∗} correspond-
ing to a timelike limit for ∂∂t . The ergoregion is delimited by the ergosphere and
the event horizon. The corresponding dual metric is
G =
gφφ
Σ′
∂2
∂t2
− 2gtφ
Σ′
∂
∂t
∂
∂φ
+
∆
Σ
∂2
∂r2
+
1
Σ
∂2
∂θ2
+
gtt
Σ′
∂2
∂φ2
,
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with
Σ′ = gttgφφ − (gtφ)2.
We introduce a coordinate ϑ0 singular for ∆ − a2 sin2 θ = 0 and regular in ∆ −
a2 sin2 θ > 0 by:
ϑ0 = t+
a sin2 θ(r2 + a2 −∆)
∆− a2 sin2 θ φ,
g takes the diagonal form beyond the ergoregion:
g = −∆− a
2 sin2 θ
Σ
(dϑ0)2 +
Σ
∆
dr2 + Σdθ2 − ΣΣ
′
∆− a2 sin2 θdφ
2. (7.14)
An extension of the spacetime is obtained by defining analogous coordinates as
above. That is giving ω1 = h(r) and setting ω0 = e−
ϑ0
ω1 . Obviously g( ∂
∂ω0
, ∂
∂ω0
) =(
ω1
ω0
)2
gtt and its sign is the one of ∆− a2 sin2 θ. The vector field ∂∂ω0 is spacelike
for the region image of ]r+, r∗[ and timelike for the region image associated to
]r∗,+∞[, where r∗ = M +
√
M2 − a2 cos2 θ. The image of the ergosphere is thus
still an ergosphere. The mass function m is given here by:
m(ωα) =
1
(ω1)2
(
− Σ
∆− a2 sin2 θ +
(h′(r))2(lnω0)2∆
Σ
− a
2 sin4 θ(r2 + a2 −∆)2
ΣΣ′(∆− a2 sin2 θ)
)
.
The Kerr singularity has an Event horizon whose equation is given by:
(lnω0)2 =
Σ
∆(h′(r))2
(
Σ
∆− a2 sin2 θ +
a2 sin4 θ(r2 + a2 −∆)2
ΣΣ′(∆− a2 sin2 θ)
)
.
It appears that the apparent horizon has a non-empty closure and hence the
singularity looks naked, indeed:
H− = {m = 0, ∂m
∂ω0
= 0} = {(0, h(r+), θ, φ)}.
Proposition 7.6 The singularity of the Kerr black hole admits an event horizon
and is a naked singularity.
8 Conclusion and Outlook
There are many theorems and conjectures about black holes difficult to prove
and even often to state in precise way. In this paper, we devised a framework
where some aspects of the issue of singularities and black holes has a chance to
be understood though the relation between the current approach and curvature
singularities remains to be established. Indeed, we established a positive lower
bound for the total mass of a system collapsing to a black hole in a kind of
Penrose’s type inequality. Such inequality in general is likely to guarantee the
stability of isolated systems, furthermore, it can help as a tool in the analysis
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Figure 7: Penrose diagram of an extension of the Kerr exterior showing the the black
hole region with a possibility of escape at the future boundary.
of partial differential equations (energy estimates,...) on black holes geometry.
The aforementioned positive lower bound might also be studied in term of con-
trollability. Concerning the question of existence of horizons, some information
were gained through the analysis above; the fate of the Cauchy horizons when
they exist, and correspondingly the strong cosmic censorship conjecture still to be
analyzed. Importantly, the characterization of trapped surfaces in this setting or
analysis of the topology of the obtained black hole in general should be done. The
framework of this paper offers also new possibilities for the analysis of waves on
fixed backgrounds (this corresponds to a ”poor man” linearization of the Einstein
equations), conformal scattering is one such possibilities. On the other hand, the
established energy condition that guarantees the existence of black holes’s region
should be compared to other energy conditions involving the energy momentum
tensor. All the results here are based on a mass function m whose relations
with other mass-functions [20],[21],[73],[85]-[90],[92] should be established. At
least, the results here assume the existence of a global spacetime, it is essential to
study the global solvability of the waves equations and quasi linear wave equations
(Einstein equations) together with the analysis of the properties of solutions and
their decays. As illustration, there is a well known great interest to enquire what
happens to solutions of waves equations when Cauchy horizons occur. Novel ap-
proach to the global study of nonlinear hyperbolic equations based on microlocal
analysis has been proved successful in the case of cosmological black holes[43]-[45].
The mass function considered here is defined on a phase space (of the conformal
manifold with corners) which is the setting for the microlocal analysis of partial
differential equations, this permits to envisage the use of methods of Hintz and
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Vasy [43]-[45] to study the global solvability for the Einstein equations, at least
starting from the characteristic Cauchy problem on two null intersecting smooth
hypersurfaces where a conformal factor can be exhibited through the resolution
of the initial data constraints problem [38],[62],[63]. Of course, the question of
stability of the Kerr-family of solutions is a related outstanding problem.
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